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1 Static Migration Economy

1.1 Planner’s problem

max {m )=y [H (@)Qx + (—wl@ + 1y (@)7 x] (s, ) — TA}

S,z

subject to:
p(s,x) <x+a(s,x)+Ax—1(s,x)
S fa(s,a) + Aad (s, ) < 31 (s,2) (5, 2)
a(s,z) >0
[(s,2) 20
C <Y sp(s.0) uls,a)
FOC’s:

—T+Z)\§(s,a§)xu(s,$)—)\77§O(With = if A > 0)

S,z

_QH%V’”) 4 AE (5, 2) — My < 0 (with = if a(s,z) > 0)

[wl - 2¢2M1 — X (s,2) + Ap < 0(with = if I(s,z) > 0)

T

£ (s,2) = s0p (s,2)" "

C= Zsp (va)eﬂ(sax)

For the model to be consistent with the gross flows data we need that [(s,z) > 0 and
a(s,x) > 0 almost everywhere. The reason we need that [(s,z) > 0 almost everywhere is
that leaving rates are always positive in the data. The reason we need that a(s,z) > 0
almost everywhere is that otherwise we would have sets of positive measure in which total
arrival rates are equal to A, which is independent of net population changes 1% and
inconsistent with the data.

Suppose that a(s,x) > 0 and [(s,z) > 0 almost everywhere.

Then,

22 g, 9,100

1.e.

L(s,z) 1¢1  Ha(s,)
r 2y Yy x




Observe that:

T T T
Then,
CL(S,SL’) . p(s,x)—:c_A l(S,SL’)
T N T T
_ plssr)—x o 1¢n Ha(s,z)
x 290 Py

It follows that

a(s,z) p(s,z)—x o Ly
et () e )

It follows that the total arrival rate is given by:

alse) (p(s,w>—x)+ ¥ (%_ )M,

T vy + H x o+ H \ 2,

which is a linear function of the net population change (p — ) /x. Moreover, the linear
coefficient is:
Y2

vy + H

0< < 1.

Also, the leaving rate is given by:

ls2) _ alsa) (p(s,x)—x)

€T T €T

_(__H p(s,r) —x Uy 1y
a ( @/)2+H)( T >+@/}2+H<2¢2 >+A

which also is a linear function of the net population change (p —x) /x, with the linear
coefficient given by

H
vy + H

-1 < - < 0.

Since the empirical linear coefficient ™ 27 is a number between 0 and 1, we need both
that H > 0 and that ¢ > 0.

Assume for the moment that ¢; < 0. Then,

a(s,r) _ (0 (p(s,x) —x) P2 <1ﬁ _A>
T Wy + H €T Yo+ H \ 219

p(s,z)—x

becomes negative when net population changes are non-positive, which is a con-
tradiction. Thus we need that ¢ > 0 for the model to be consistent with the empirical
adjustments estimated.



1.2 Alternative specifications for moving costs:

1) Suppose that H = 0.
Then, the FOC’s become

X (s,x) — An < 0 (with = if a(s,z) > 0)

1 — 29y ( ?) < X (s,z) — A\ (with = if I(s,x2) > 0)

Hence:

W L)
ng - T '

Suppose that 21”712 < @ and that a(s,z) > 0.

Hence,

( x)

Uy — 22— = X (s,2) — An = 0.

A contradiction. Hence 2’2} < 1(5 z)

i) Suppose that £ sm) = A+ 27’1’712 > 0. Then,

implies that a(s,z) =0

a(s,z) _ p(s,x) —x A4 [(s,x) S p(s,x) —x —A+ﬂ -0
x x r x 29hy '
It follows that
l(S,ZE) _ l/Jl
z 21h
alsr) _ plom) -z
x x 21)9
ii) Suppose that ’% — A+ 21/’712 <0.
Suppose that a(s,z) > 0. Then, 2%2 = @ and
a(s,x) _ p(s,x) —x A4 [(s,x) _ p(s,x) —x —A+ﬂ <0
x x x T 210y
A contradiction.
Hence
a(s,x)
=0
x
[(s,x) _ oA p(s,z)—x - Un
x T = 24y



iii) From i) and ii) we then have that

x x 20z
z(zx) _ (é;x) (P(S? “”)+A

{27

Observe that in this case, as long as the net population growth rate is not negatlve
enough, that the city planner sets the leaving rate at the point of maximum benefits - 5 w and
lets the arrival rate make all the adjustment.

2) Suppose that 1; = 1py = 0.
Then, the FOC’s become

_2Ha(s x)

+ A (s,2) — Anp < 0(with = if a(s,x) > 0)
=X (s,2) + Anp < 0(with = if I(s,z) > 0)
i) Suppose that £ ”) = — A > 0. Then,

Cl(S,.’L’) :p<8,l')—$ _A+l($>$)
T T T

>0

Hence,

M (5,0) = Ay = 20 15T g
xXr

It follows that (s, x) = 0.

Thus,
l
(87 x) — O
x
als.n) _ plsm)-o
x x
ii) Suppose that 222=—= — A < 0.
Then,
[
(s,2) _als,a) (p(s 7 - s _A) iy
x x x
Hence,

X (s,x)+Anp=0



Assume that a(s,z) > 0. Then,

)\f(s,l')—)\n:ﬂ{@ >0

A contradiction.

It follows that a (s, x) = 0.

Thus,
l _
I
x x
a(s,x)
=0
x
(ili) Suppose that W —A=0.
Hence,
a(s,x) (s )
r  x
Suppose that
[
a(s.) _L(sa)
x x
Then,
A (5,2) — A = 2H@ >0
and,

=X (s, )+ =0

A contradiction.

It follows that

iv) From i), ii) and iii) we have that

l(sa;:v) _ max{_ (W_A) ,0}

a(s,x) _ max{p(s,x)—x_m}

X

Observe that in this case the city planner always goes to a corner: when net population
growth is positive he sets leaving rates to zero, and when net population growth is negative
he sets arrival rates to zero. Since ¢y = 1)y = 0 and H > 0 it follows that the city planner

faces adjustment costs to increase population but not to decrease it.
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1.3 Proof that moving costs imply quadratic adjustment costs in
total population

The derivations assume that ) xu(s,z) = li.e. that aggregate population is equal to
one.

Assume that a (s,z) > 0 and [ (s,z) > 0 almost everywhere (which again, is the empiri-
cally relevant case). Then, the first order conditions become the following;:

—T+Z)\£(s,x)xu(s,x)—)\nSO(With = if A>0)

S,z

a(s,x)

" —2%”2@ —oH

T

Dy — 2 (‘zx) = AE(s,7) — A

€ (s,x) = sbp (s, x)efl

C= Zsp (s,2)" (s, x)

p(s,x)=x+a(s,x)+ Az —1(s,x)

Z[G(Sax)JFAJC]M(Saw) :Zl(sﬂx>u(svx)

S,T
Directed arrival and leaving rates are then given by:

a(s,z) Y1 Pl(s,x)

X - 2H H =z
l(S,JZ) _ G(S,I)+A_p(8,$)—l'
T T T
ﬂ_@l(s,x) _p(s,x)—x
2H H =z +A T
Hence
Z(S,.QT)_ wl + H A— H (p<37x)_$)
v 2(H+1ps)  H4 1y H + ), x

x  2H H2(H+¢2)_H+¢2 H + 1,

a(s,z) 1 s () )9 At g (p(s,x)—x)

Observe that

V1 Y 1  UiH + rhe — i
2H  H2(H + 1) 2H (H + )

B (0

 2(H + )



Hence

a(s, ) _ U R Al o (p(s,:z:) —x)
- 2(H +1s) H+y H + 1y z

[(s,z) U I H A (p(s,x) —x)
. 2(H+1v2)  H+ty  H+hy x

Going back to the objective function, we have that

—H[(”)T“ [ (<>)]

[ ()]
2H+¢2 H+¢2 H“”?

p—
+11 {2 H+w2 H+¢2 H—Hﬂz( x )}x
_y [ (p ﬂ !
212 H+w2 H+¢z H+¢2 z
L ¢1 . ¢2 2
= —He [2(H+wz) HH/}zA}

(0 [ W2 p=T
—Hax2 {Q(HJF%) —HH@A} [H+¢2( x ﬂ
[ p—x ’
—Hz [H+¢2< x )]
U H A}

T lz(Herz) TH+ 4,

H p—x
_wlevL@DQ ( 4y )
V1 H i
Vet [zwwz) i H+w2A]
Uy H H i
o [2(H+w2) +H+w2A} {Hﬂb ( ’ )1

H p—x ’
_wﬂ[H—F@ﬁz( z >]

= ~®A)-T()(p~2)-Hz {H%fwg (pf)r‘w {Hfd& <p;$>r

= @A) -T(A)(p—2) - (p;xf {Hw {H‘f%r B {Hf%r}




Thus, the social planner’s problem can be written as:

max {ln(C’) — Z OAN)+T(A)(p—2)+ HH—ibjbg (p (s,xx) — x) x] p(s, ) — TA}

subject to:

S p(sa)p(se) <3 ap(s,a)

S,T

C <3 sp(s,2) (s.2)

Using the second constraint, we then have that the social planner’s problem can be

written as:
B (A) + 0 (p(s’@ ”)24 p(s,z) — TA}

max {ln [Z Sp($>$)eﬂ (&@] - Z H + s x

S,

subject to:

Y p(sa)ulse) <Y wpulsw)

$,x

1.4 Competitive equilibrium

There is a representative household with a continuum of members. Its members are dis-
tributed across city types (s, z) according to the measure p.

1.4.1 Household problem

max {mc -y [H (@)Qx + (—«/a@ + (l (Sf))2> x] 1 (s, z) — TA}

subject to:

C+ Zq (s,x)m(s,z)u (s, x) < Z q(s,z)a(s,x)u (s, x)+ Zw (s,z)p(s,x)p(s,z)+11

p(s,x) <x+m(s,x)+Ar—1(s,x)

Z[m(s,x)—l—/\x}u(s,x) < Zl(s,x),u(s,x)

$,x

1.4.2 Firms’ problem in city of type (s, z)

max {sn (s,2)" —w (s, x)}



1.4.3 Market clearing conditions

for each type of city (s, ), and

C = an (s,2)" i (s, z)

1.4.4 First order conditions

Households:
1
— =\
C
—7'+Z)\§(s,x)xu(s,x) —An <0(with = if A > 0)
a(s,x) : .
—2H—— + \q(s,z) < 0(with = if a(s,z) > 0)
x
=g (s,2) + A (s,2) — Ap < 0(with = if m(s,z) > 0)
[zpl ~ o] <S’“’)1 — X (s,2) + A < 0 (with = if {(s,2) > 0)
x
Aw (s, x) = X (s, x)
Firms:

w (s, z) = s0n (s,2)""
Since at equilibrium a (s, ) = m (s, x), we have that

(i) ifa(s,z) >0

A (s,2) = 2HOL(S’ZIj> =

(ii) if a (s,2) =0

ie. q(s,z) =0, and

We then have that
q (57 x) = max {0>€(S7x) - 77}

w (s, z) = s0n (s,2)""

With this characterization of equilibrium prices it is straightforward to verify that the
welfare theorems hold.
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1.5 Competitive equilibrium with guided trips produced both at

home and the market

There is a representative household with a continuum of members. Its members are dis-

tributed across city types (s, z) according to the measure p.

1.5.1 Household problem

max{lnC Z[ ( ”);“h@””)) x+<_¢1@+¢2(5(2@

subject to:

C’+Zq(s,x)m(s,:c)u(s x <Zq $,) A (8, )1 (8, —|—Zw S, )

p(s,z) <z +m(s,z)+ap(s,x) +Ax — (s, a:)

Z[m(sx)—i-ah(sx)—l—Ax (s, <lex

S,T

1.5.2 Firms’ problem in city of type (s,x)
max {sn (s,2)" —w (s, x)}

1.5.3 Market clearing conditions

n(s,x)=p(s,x)
m(s,x) = ap (s, 7)

for each type of city (s, ), and

C= an (s,2)" i (s, z)

1.5.4 First order conditions
Households:

1
— =\
C

—T+Z)\§(s,aj)xu(s,x)—)\77§O(With = if A >0)

S,z

11




—ogtm (s,2) ;— an (5,7) + Aq(s,z) <0(with = if a,,(s,z) > 0) (8)
—ogtm (5,2) + an(s,2) + X (s,2) — An < 0(with = if ap(s,z) > 0) (9)
—Aq(s,2) + N (s,2) — An < 0 (with = if m(s,z) > 0) (10)
{wl - 21&2@] — X (s,2) + Ap < 0(with = if [(s,z) > 0) (11)
Aw (s, x) = X (s, x) (12)

Firms:
w (s, z) = s0n (s,2)"" (13)

Using that m(s,z) = a,, (s,z), from equations (1)-(13) we verify that a competitive
equilibrium only determines the total number of guided trips into a city a,, (s, )+ ay (s, z):
the composition of these guided trips between market activities a,, (s, z) and home activities
ap (s, x) is left undetermined.

(i) In an equilibrium in which m(s, x) = a,, (s,z) > 0 we have that

A (8, ) + ap (s, x)

A —2H
q(s,x) .

=X (s,2) —Ap>0

(i) In an equilibrium in which m(s, x) = a,, (s,z) = 0 and a, (s,z) > 0 we have that

Qpm (573:) + an (S,iC)
xT

)\Q(Sax) <2H :)‘£<37x)_)‘n

(iii) In an equilibrium in which m(s,z) = a,, (s, x) = ap, (s,2) = 0 we have that

(s,z) + ap (s, )

=0

0 < Aq(s,x) §2Ham

ie. q(s,x) =0, and
E(s,z) —n<q(s,x)=0

We then have that

q(s,z) =max{0,¢(s,x) —n}

w (s, z) = s0n (s,2)""

With this characterization of equilibrium prices it is straightforward to verify that the
welfare theorems hold.

12



1.6 Adjustment rules in the general case

First order conditions:

l l
1 — 29hy— < ZHE, (with equality if 2~ 0and = > 0)
x x x x

l
2_9:1+9+A__
X X xr
Define A
_:E_|_A
T T

Take £ as given.
1) Check case ¢ = 0.

Define I\
(—> —1+A-2
T T
If N
P — 21y (-) <0
T
Then,

2) Else, check case L = 0.

T

Define N
@ -2
x T
If AN
¢1<2HK—) —A}
T
Then,

8~ 8|
I

N

8

~__

*

3) Else, consider case ¢ > 0 and é > 0.

13



Y1l _a
2H Hz «x
£:1+E+A_£
T T T
Hence,
po_ oy % el
T 2H Hzx
Y1 el l
- 14 = =2 _ -
+2H Hzx T
{23 o+ H\ 1
1+ = - —+A
+2H H T
That is,

Bl 8~

Observe that % below which % =Ais

@ -ren-

2 Dynamic Economy

2.1 Recursive formulation of economy-wide social planner prob-
lem

J (K, ) :max{lnC’—TA—/¢(ny+nh)7rp1”d,u—i—/Aln (hglﬁg)pdu
) [ g ()

p(h,z,s,s_1)=x+a(h,z,s,5_1)+Azx —1

xdp+ BT (K, u’)}

subject to

a(h7x7373—1> >0
l(h‘axﬂS?Sfl) >0
Ty (h,ﬂf, S, S—l) + np, (h7$73a 8—1) S p(hrxv S, 5—1)

by (h,x,8,81) +bp (h,x,s8,51) =b

14



/adu—i—A:/ld,u

/[ky+kh]du:K

C+1= {/ [snzk’g]xd,u}x

K=01-6)+1

W (Hx X, s s)= / Q(s';s,s1)dp

B(HxX,s,5_1)

B(H x X,s,s_1) = {(h,x,s8,5_1):p(h,z,s,51) € X
and (1 —6,) h+ny (h,z,s,5_1) kjy (h, 2, s,51) by (h,2,s,5_1) € H}

Definition: A steady state is an aggregate state (K™, u*) that is time invariant under
the optimal decision rules.

Section 2.5 provides a characterization of this steady state in terms of a much simpler
dynamic programming problem and certain side conditions. In order to arrive to this char-
acterization it will be convenient to work with a sequential formulation to the economy-wide
social planner problem. The next section provides such formulation.

2.2 Economy-wide social planner problem in sequential form

Define
Mt (St7 ho, o, So, 571) = Q (54 81-1, 51-2) ...Q(52; 51, 50)Q(51; 50, 5-1) to (ho, To, 50, 5-1)

Then, the economy-wide social planner problem is the following:

[e.e]
max Z/Bt {hl Ct - Z |:¢ (ny,t (8t7 h(]? Zo, So, 871) + Nht (Sta h07 To, S0, 571))7rpt (Stu h07 Lo, S0, S*l)l_ﬂ—
t=0

st

+A In (ht <St7 hOa Zo, So, 8—1)c b?“,t (Sta h/Oa Lo, So, 8—1)

Pt (8t7 h07 Lo, S0, 8—1)

t
> Dt (S ) hOJ Lo, S0, S—l)
t—1
_TAtpt—l (S 7h07I07807S—1)

th 2

H ag (S ) 0,1‘0,807871) t—1 h

- t—1 h DPi—1 (S ) 0,1’0,80,871)
Pt—1 (8 ) 0727078075*1)

[ St7h71‘7875_ [ St7h7:€7878_ 2 B
+(¢ t( 0, X0, S0 1) _¢2< t( 0,70, 20 1) ))>pt1(5t 17h0,1’0750a371)

1
t—1 t—1
Pt—1 (S , ho, o, So, 571) DPt—1 (8 , ho, To, S0, 5-1

15



X [ (St7 h07 Zo, S0, 8*1)} }

subject to:

bt (St7 ho, xo, So, 371) = Pt—1 (Stfla ho, xo, So, 571) +a (St7 ho, xo, So, 371)

+ Aypiq (stfl, ho, xq, So, 3,1) — 1 (st, ho, o, So, 3,1) (14)

ay (st, ho, xo, So, 5_1) >0 (15)

le (s, ho, o, 50, 5-1) >0 (16)

Nyt (st, ho, o, So, 3_1) + Nyt (st, ho, o, So, 5_1) < p (st, ho, o, So, 5_1) (17)
brt (st, ho, xo, So, 3_1) + bpy (st, ho, o, So, 3_1) =0 (18)

herr (s ho, o, 50,5-1) = (1= 63) hy (s', ho, o, 50, 5-1)

A T—a—A
Nt (St, ho, xo, So, Sfl)a Kt (St, ho, xo, So, 371) bn.t (St, ho, xo, So, 371) ¢ (19)

Zat (St7 hOa:L‘()?SOa S—l) e (Sta ho,l’o, 8078—1) + At
= th (St7h07x07807 S—l) 0 (Sta h07:1:07 8073—1) (20)

Z [yt (5% ho, o, S0, 5-1) + ke (5%, ho, To, 50, 5-1) | pue (8, ho, o, 50, 5-1) = K, (21)

Ct + Kt-‘,—l — (1 — (Sk) Kt

1
= {Z [Stn;t (St, ho, Zo, So, S,l) k;,t (St, h07 Zo, So, 871):|X Mt (3t7 hO; Lo, S0, 371) } * (22>

with (Ko, po) given.
FOC’s:

- 2
Pt C, ( 3)

Z @tft(8t7 h07 Zo, So, S—l)pt—l (St_la hOa Zo, S0, S—l) He (Sta hOv Lo, S0, S—l) — Pt S T, (Z 0 i At > 0)
(24)

ag (Sta hO) Zo, S0, S*l)

DPi—1 (St717 hOa Lo, S0, 5—1)

&', ho, 2o, So, s-1)—pem < H2 ( ) , (=0if a; (s, ho, 0, S0, 5-1) > 0)

25
l (', ho, T, 50, 5-1) ¢ . ¢ )

¢1_21/)2 Di1 (St_l hO To, 50, 5 1) S Soté-t(s ah075073073—1)_§0t77t07 (: 0 if lt (8 ,ho,lEo,So,S_l) > O)
(26)

Sotgt(sta hOJ Lo, S0, S—l) -

16



_¢ (ny,t (Sta h07 Lo, S0, 571) + Nht (St7 h07 Lo, S0, 871))7r (1 - 7T) Dt (St7 h'07 Zo, S0, 871)

—{—Aln ht (‘SJ:?hOaan807571)g br,t <St7}7‘()73:‘07507571>1_g _A
D (Sta h07 Lo, So, 371)

a 1 ho, 0, S0, 5-1) )
+BZH( il o 1)) Q(St41; 5t St-1)

Dt (Sta h07 Zo, S0, S—l)
St41

l +1 h l t+1 g B 2
+/BZ [1/}1 t+1(( 0, L0, S0, S— 1) _¢2 < t+1 (5 , 100y Loy S0, S 1)) ] Q(St+1;8t,5t_1>

st, ho, o, S0, 5-1) pe (st, ho, T, So, S—1)

St+1

liv1 (s ho, o, S0, 5-1) lii1 (871 ho, 20, S0, 5-1) 2
_ —92 : _
BZ [ St ho, To, S0, 5 1) (2 i (St ho, To, S0, 5 1) Q(3t+175t75t 1)
St+1

+Zﬁ@t+1ft+1(3t+l> ho, @0, S0, 5-1) (1 + Aes1) Q5415 8¢, Se-1)

St41
+¢r [wt(stv h07 o, S0, 3—1)

_adyﬂ- [nyt< t7h’07'/1“07507s—1) +nh,t(8tah07x0780)8—1>:| - pt(8t7h07x07807s—1)1_7r:|
t

— N1 Borinem (27)

- t 1—7
pt(S , ho, o, So, 8—1)

(28)

1
wt(sta h07 T, S0, 8—1) Z aﬁbﬂ [ny,t(sta h07 T, S0, S—l) + nh,t(st7 hOa Zo, S0, S—l)j|
t

wt(sta hvaOa 50, S—l) - ;QS’]T [/n’yﬂf(sta hU)'an 8073—1> + nh,t(sta h07x07 3073—1):| N pt($t7h07x0a 50, S—l)l_ﬂ

t

X |:pt (Sta h07 Lo, So, S—l) — Nyt (St7 h07 Lo, S0, 8—1) — Nhy (Sta h07 Lo, S0, 3—1)i| =0 (29)
X X1
X
wy(s', ho, o, S0, 5-1) = {Z [5:n0, (s', ho, o, S0, 5-1) kyy (5, ho, %o, 50,5-1) ] s (*, ho, o, S0, 5—1)}
-1
[Stnz’t (Sta hOv Lo, S0, 5—1) k;,t (St7 hOa o, So, S—l)}x
Stgnz;1 (Sta h()) Zo, S0, 3—1) k:;,t (St, ho, Zo, So, 8_1) (30)
wt(stahmeJSO)S—l) = (31)

t t a—1 t A t 1—a—A
U4 (s", ho, o, 50, S—1 )y (', ho, Zo, S0, 5-1)"  kng (s', ho, o, S0, 5-1) " by, (s, ho, 2o, S0, 5-1)

pid(s', ho, o, 50,5-1) = Zﬁ@tﬂﬁtﬂ(stﬂa ho, o, 50,5-1) (1 = 6) Q(St41; St, S¢-1)

St+1
=1
Per ( , ho, T, 50, 5-1)
—l—E Ag : Sty St 32
smﬁ iy ( SH , ho, %o, So, S— 1)Q(St+1 st $t-1) (32)
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Dt (sta h07 2o, S0, 8_1)

‘h ) =A(1- 33

SOtht(S 2110, 10, 50, 8 1) ( g) br,t (Sta hO)'rOySOa 8—1) ( )

Tbt(St,hO,.TO,SO,S_l) = ﬁt(st;h()ax()as(hs—l) X (34)
—a—A

A
Th,t (Sta hOa L05 S0, S—l)a kh,t (Sta h07$07 50, S—l) (1 - — )\) bh (St7 hOa L05 S0, S—l)

t 1—a—X
bh (S 7h07 Lo, S0, 871)

(35)

t t « t
Trt = V(8" ho, To, S0, 5-1) s (3 ; ho, Zo, 30,571) Akt (S ; ho, Zo, 807571)

1
TR = {Z [senf, (5", ho, 20, S0, 5-1) k4 (s', hos @0, 0, 5-1) ] e (", ho, o, So, 571)}X (36)

[Stnz7t (Sta h07 o, So, S*l) k;t (St7 hO) Zo, S0, S*l)]X71

Stn;t (Sta h07 Zo, S0, S—l) ’Yk;;l (Sta h07 Zo, S0, S—l) (37)

— o+ B (1 = 0x) + Borrarii1 =0 (38)

2.3 City planner’s problem in sequential form

Takes as given {Yy, u, i, e, At} ooy-

Define
f (St) = Q (8t; 8t-1, 5t-2) .- Q(52; 81, 50) Q(51; 50, 5-1)-

Then, the city planner’s problem is the following:

= 1,
max ZBZ {%;Y; X [Stnz,t (St, ho, %o, So, 571) k;,t (Sta ho, xo, So, 571)]X

t=0 st

—¢ (ny,t (St, ho, o, So, 3—1) + Npt (St, ho, o, So, 5—1))ﬂpt (St, ho, xo, So, 8—1)177T

ht (8t7 hOJ Lo, S0, 871)< br,t (Stu hO; Zo, So, S*l)l_g t
+A1n ( Dt (St hO To, So 571) Dt (S 7h07x0a S0, S—l)

—PtTkt [ky,t (St,ho,l’O, S0, 871) + Kkt (St, ho, o, 307571)]
— PN [at (8t7 ho, xo, So, 8—1) + Aipiy (St_la ho, xo, So, 8—1)]
+S0t77tlt (St7 hO; 2o, S0, S*l)

Gy (st7h07x078078—1) ? t—1
—H t—1_p bt (8 7h0ax073078—1)
Pi—1 (S ) 07$07307S—1>

t ¢ 2
77/] lt (S >h07-730>50, 8_1) - @Z)Q ( lt (S ’h07$0’ 8078_1) )) ] Pi—1 (St_l, hO,ZEO,SOa S_l)} ﬂ (St)

_|_

1 — _
Pt (St 17h’07$0780a8—1) Pt—1 (St 1,h0,ﬂ?0,80,3_1

subject to:
t t—1 t
Dt (S ’ hOJ Zo, S0, 8—1) = Pt—1 (5 ) h07 Zo, S0, 8—1) + ay (S ) h07 Zo, S0, 8—1)
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+ Aepra (stfl, ho, o, So, 3,1) -1 (st, ho, xo, So, 3,1) (39)

at (', ho, To, S0, 5-1) > 0 (40)

s (st, ho, xo, so,s_l) >0 (41)

Nyt (St, ho, o, So, 3—1) + Npt (St, ho, o, So, 5—1) < pt (St, ho, o, So, 8—1) (42)
byt (st,ho,xo, S0, 3_1) + bpy (st,ho,xo, S0, 3_1) =b (43)

hist (s ho, o, S0, 5-1) = (1= 04) by (s*, ho, o, S0, S—1) (44)

A 1-a—A
g (st ho, o, S0, 5-1) " kg (s°, ho, o, S0,5-1) " bae (s, ho, Zo, 50,5-1) (45)

with (hg, o, So, S_1) given.
FOC’s:

a; (s', ho, o, S0, S—1)

-1
DPi—1 (St 7h07‘7;078078—1)

Sptgt(sta h07 L05 S0, 571)_S0t77t < H?2 ( ) ) (: 0 if ag (St7 h(],&?(), 50, 571) > 0)

46
lt <8t7h07x07507571> t : t ( )

¢1—2w2 Pes (Stfl ho o, 50, 5 1) < thgt(s 7h07x07807$—1)_90t77t7 (: 0 if lt (8 7h’0ax073078—1) > 0)
(47)

@tft(staho,ifo,so,&l) =
_¢ (ny,t (Sta hOa Zo, S0, S—l) + Npt (Sta hOa Lo, S0, S—l))ﬂ- (1 - 7T) Pt (Stv h’07 Lo, S0, 5—1)7ﬂ-

+Aln (ht (s', ho, o, S0, 5-1)" br s (°, ho, o, S0, 8_1)1<) »

Dt (3t7 ho, o, s0, 8—1)

+1 h 2
—|—ﬁZH <at+1( Oax())SO;S 1)) Q(St+1;8t78t_1)

St41 ( I’L07ZL'0,S(),S 1)

l +1 h l t+1 g B 2
+6Z [wl t-‘rl(( 0, L0, S0, S— 1) _wQ < t+1 (S , 10y L0, S0, S 1)) ] Q(St+1;8t,$t71>

t t
S h07x078075 1) Dt (S7h07x07807871)

St+1
l 1 ho, o, S0, S— 1 ho, 2o, 50, 5-1) \
—ﬂz t+1 t 0y L0y 20, 1) _2,¢)2( ( 05405205 1) Q(St+1;8t73t—1)
—~ (st, ho, xo, S0, S—1) pe (8%, ho, 2o, So, S—1)

+Zﬁ%0t+1§t+1(5t+17 ho, %o, S0, 5-1) (1 + Api1) Q8415 St Se-1)

St41
+¢ [wt(sta h07 o, So, S*l)

__(bﬂ' [ny,t(3t7 h07 Lo, So, 871) + nh,t(sta h07 o, S0, S*l)]

pt(sta h0> Zo, S0, 51)17r:|
Pt

- At+15%0t+177t+1 (48)
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1 - _
wt(sta h07 Zo, S0, 571> Z _(bﬂ- [ny,t(stu h07 Zo, S0, 571) + nh,t(st7 h07 Zo, S0, 871)} pt<8t7 h07 Lo, S0, 871)1 T

Pt

t 1—m
pt(s 7h07 Zo, S0, S—l)

1
wt(sta h07x0a 50, 8—1) - ;QS’]T [nyﬂf(sta h’Uera 8078—1) + nh,t(sta h07x07 3075—1)}
t

X [pt (Sta ho, o, So, 571) — Nyt (St, ho, o, So, 371) — Nht (St, ho, o, So, 571)] =0 (49)
wt(stah()?x(hs(]?s—l) — }/tl_x
-1
[stn;t (Sta h07 o, 50, S—l) k;t (Sta h07 Zo, S0, S—l)}x
sté’nf,;l (8t7 ho, o, So, 8—1) k;,t (St; ho, o, So, 8—1) (50)
wt(stah())anSU:Sfl) = (51)

t t a—1 t A t l—a—A\
V(s ;h07x075073—1>04nh,t (S ,h07$075078—1) K.t (S 7h0,$0,8075—1) bn, (S ,h0,$075078—1)

@i0:(s"s ho, @0, 80,5-1) = Zﬁiﬂtﬂﬁtﬂ(st“a ho, %o, 50, $-1) (1 = 0n) Q(Se115 51, 50-1)

St+1
Pi+1 (5'511’ ho, Lo, S0, 371)
4 St+1; Sty St— 59
+;B ght+1 (3t+1’h0,$0,80,571>Q( t+15 Sty St 1) ( )

Dt (sta h07 Lo, S0, Sfl)

t
Tue(S", ho, o, S0, 5-1) = A (1 — 53
Pt bt( 5 100y L0y 20, 1) ( §) br’t (St,ho,.fCo,So,S,l) ( )
Tbt(sta h07 Zo, So, S—l) = Igt(sta h07 Lo, S0, 5_1) X (54)
A —a—X\
Nt (Sta h07 Lo, S0, Sfl)a kh,t (Sta hU: Zo, S0, 571) (1 — Q= )\) bh (St7 hOa Lo, S0, 371) “
- 1—a—A
Tkt = 19t(3t7 ho, 0, 80, 5-1) (St, ho, %o, So, 571)a Akt (St, ho, xo, So, 571) br, (St, ho, xo, So, 571) ¢
(55)
e o= YN (56)
-1
[Stn;t (Sty h07 o, So, 8—1) k;,t (Stv h07 Lo, S0, S—l)] *
Stnz’t (Sta h07 o, So, 571) ’Yk;,;l (Stv hU? Lo, S0, 571) (57)

2.4 Equivalence between economy-wide social planner’s problem
and city planner’s problem

Proposition 1: Let {Ct, Kiiq, Myt Mht, kyh Ene, Rty Ore, bue, D, Mgy ae, ey 01, Eey e, Wi, O, T, Tkt}fio
be the unique solution to the economy-wide social planner problem with initial state (Ko, ).

Define

}/; - {Z [stngvt (St,ho,xo,so,s_l) k;/yat <8t,h0,330,80,8_1):|xlut (St7h07x0a807s—1)} ' <58)

2=
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Then, for each initial state (ho, Zo, S0, 5-1), {Tyt, Tohts Kyt Knts Pty Ore, One, Des s by oy Wi, Vg i o
is the unique solution to the city planner’s problem that takes {Y;, o, ¢, e, At} as given.

Proof: It follows from the fact that equations (14)-(19),(25)-(36),(58) imply equations
(39)-(45),(46)-(57).

Proposition 2: For each initial state (ho, zo, So, S—1) let {ny, nne, kyt, Knes Resas ber, Ope, Pty @,

li, &, wy, Oy, To } oo be the unique solution to the city planner’s problem that takes {Y, o, i, 7ie, At e
as given.

Define
Kt = Z [ky,t (St7 hOv Zo, So, S—l) + kh,t (Sta hO) o, S0, 3—1)} M (St7 hOa o, So, S—l) ) (59)
Ct - }/t - Kt+1 + (]. - 5k) Kt. (60)

Suppose that

1
Yt = {Z [stnzyt (St7 h07 o, So, 8—1) k;,t (Sty h07 o, So, S—l)} * M (Sta hOv o, S0, 5—1) } h ) (61)

1
(lpt Ct’
— @1+ Berrr (1 = 0k) + forareers = 0, (62)
Z @t€t<8t7 hO? Zo, So, S—l)pt—l (Stilv h’Oa Zo, So, 8—1) M (Sta hOJ Zo, S0, S—l) — PN < 7, (: 0 if At > 0) )
(63)
Z a (8t7 h07 Lo, So, 871) e (Sta h07 Zo, So, S*l) + At
= Z lt (St7 h07 L05 S0, S*l) He (Sta h07 Lo, So, 571) . (64)

Then, {Ct>Kt+1,nyt7nht,kyt,khnht+17brt>bhnpt;/\taat7lt>SDtaft,nt,wtﬂ%ﬂ"btﬂ“kt}io is the
unique solution to the economy-wide social planner problem with initial state (Ko, o).

Proof: It follows from the fact that equations (39)-(45),(46)-(57),(61)-(60) imply equa-
tions (14)-(22),(23)-(38).
2.5 Characterization of a steady state allocation

Consider the following recursive formulation to the city planner’s problem that takes (Y, ¢, n, 7, A)
as given.

1 — hebl—
V (h,z,s,s_1) = max {@;Yl_x [ank;}X —¢(ny+np)" p' "+ Aln ( p ) D

—ory (ky + kn) — o (a + Az) + onl
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2
—-H <2> T+
T

mi—%(l)
€T T

p=x+a+ Ar—1
a>0
>0

x+BZV o' ss) (3';8,8_1)}

subject to

Ny +np <p
b, +b, =0
B = (1—6)h+nikyb, >
' =p
Proposition 3: Let (n,,np, ky, kn, ', b, by, p,a,1) be the optimal decision rules to the
recursive city planner’s problem that takes (Y, @, n, 7, A) as given.

Let p be the invariant distribution generated by the optimal decision rules (h’, p) and the
transition function Q).

Define
K = [+ o) d (65)
C=Y -6K
and
é (h7 x, s, S—l) ==

h - [(h -
(e [ it s, o) > 0.0 [ — 20 (N2 g othervise

Y = { / [Snzk;}xdu}x (66)

Suppose that

|=

rk:%—l—i-(sk (67)
/ adp + A = / ldp (68)
/é[f—n]xdﬂST,(:OifA>0), (69)

Then, (C, K, ny, np, ky, kn, B, b, by, p, A, a, 1) describes a steady state allocation.
Proof: It follows from Proposition 2 and equations (46)-(47).
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